In the present work, a theoretical framework focussing on local geometric deformations is introduced in order to cope with the problem of how to join spacetimes with different geometries and physical properties. Within the said framework, it is shown that two Lorentzian manifolds can be matched in agreement with the well-known Darmois-Israel junction conditions by locally deforming the associated spacetime metrics in relation to each other. Based on the insight that metrics can be suitably matched in this way, it is concluded that the underlying geometric approach allows a characterization of local spacetimes in General Relativity or more general theories of gravity.
Introduction
The general theory of relativity, like most of its countless generalizations, is an apparently nonlinear theory of gravity. As such, it is a theory that comprises on the one hand a nonlinear geometric action principle and on the other hand associated nonlinear field equations, both of which are formulated with respect to the nonlinear mathematical framework of Lorentzian geometry.
It is for this reason, in particular, that Einstein's gravitational field equations do not permit a unique solution and that, accordingly, Einstein-Hilbert gravity does not allow for the characterization of a unique preferred geometry of spacetime.
Instead, the theory predicts the existence of a whole series of different exact solutions of the addressed field equations -many of which have been confirmed to be fully consistent with observation. In this vein, General Relativity not only allows for the co-existence, but also for the co-evolution of different types of gravitational fields.
However, despite explaining a multitude of structural differences of gravitating physical systems existing in nature, this particular aspect of the theory also reveals especially challenging implications.
More precisely, from a purely phenomenological point of view, this aspect of the theory poses the unpleasant task of explaining how the physical behaviour of a given gravitational field changes under structural alterations of the matter source generating these fields, especially in the case where these fluctuations become so strong that they lead to a completely new type of gravitational field with a different geometric structure and inherently different physical properties, as for example in the extreme case of mergers of bodies in N -body systems.
From a purely theoretical point of view, in turn, this problem leads to the almost equally complicated question of how geometrically distinct spacetimes can be joined along a hypersurface separating the respective Lorentzian manifolds.
This matter, in particular, is known to be subject to local junction conditions which require -at least in consideration of the well-established Darmois-Israel formulation -the first and second fundamental forms of given spacetimes to match with each other across a space-respectively timelike boundary hypersurface [12, 23] . Following [9, 23, 26] , this matching has to be given in such a way that the first fundamental forms of the corresponding geometric fields fit one another in a continuous way, whereas the second fundamental forms are allowed to be discontinuous across the hypersurface separating the given Lorentzian manifolds. The condition for this to be the case, however, is the existence of a concentrated, singular matter distribution -a so-called thin shell of matterthat happens to form a joint boundary layer for both spacetimes.
In view of the said phenomenological problem, the addressed conditions are essential insofar as they provide the rules for identifying the geometries of the respective gravitational fields in such a way that a transition from one Lorentzian manifold to another becomes possible, thus laying the foundation for the treatment of dynamical quantities across a given boundary hypersurface.
Taking this into account, a typical task in treating spacetime models in General Relativity is to find an appropriate physical setting which allows for the joining of spacetime pairs with different geometries, or, in other words, for the fulfillment of the said junction conditions.
And although the corresponding method by no means presupposes the existence of symmetries of any kind, the respective equations have hitherto been solved only for spacetimes with a high degree of symmetry; that is to say, in the case of spacetimes with either spherical, cylindrical or plane symmetries. In more generic scenarios, such as in case of spacetimes with a lower degree of symmetry like stationary, axisymmetric or even non-stationary spacetimes, not too many rigorous results appear to be known to this day.
A primary cause of this epistemological deficiency appears to be rooted in the problem of finding spacetime pairs that share locally but not necessarily globally compatible geometric structures. This is because the finding of such pairs having identical induced geometries is more of a requirement than a direct part of joining techniques, and therefore has been performed almost exclusively for spacetimes with the mentioned symmetry properties.
An additional cause is the fact that the methods being used to cope with the Darmois-Israel conditions, in spite of leading to appropriate local discontinuities in the curvature of respective gravitational fields (at most 'delta-like'-singularities), in many different cases, fail to deliver physically feasible predictions that could be in agreement with the dynamics of the continuous theory. The usual reason for this drawback is the fact that the corresponding methods lead to concentrated, singular gravitational source terms that often do not obey any of the relevant energy conditions, which clearly diminishes their phenomenological and physical relevance.
In conclusion, there appears to be a need for a more reliable geometric framework toward junction conditions which allows for a better selection of pairs of geometrically compatible metric fields and a better distinguishability of physical and non-physical gravitational source terms in spacetime gluing approaches.
In response to that fact, the aim of a major part of this work is to provide a simple geometric framework that endeavors to avoid the aforementioned technical and conceptual difficulties.
The key difference between this model and former approaches to the subject is the fact that, in the present case, the transition of one spacetime to the other is viewed as a dynamical deformation process. This idea is formally realized by considering a given deformed geometry in relation to an associated reference background geometry and showing that the effect of the deformation completely subsides if appropriate boundary conditions, which follow from the addressed junction conditions, are imposed.
Based on the fact that each spacetime metric is determinable relative to another metric by specifying a suitable deformation term, and that it is also possible to restrict oneself only to those deformations that have compact support (or go to zero in a suitable limit) in an embedded subregion of the Lorentzian manifold of an associated ambient spacetime, the respective geometric framework allows for a rigorous characterization of local spacetime geometries in agreement with the addressed junction conditions. This characterization of the bounded local spacetime geometries is based on considering pairs of exact solutions of the field equations of the theory and by imposing suitable boundary conditions on their metrics, which will be clarified by means of a few particular examples. Although these examples deal almost exclusively with specific types of spacetimes that are deformed by either a Gordon or a Kerr-Schild ansatz, it can be expected that the introduced framework can be applied to much more general physical settings that could provide much more general local geometric fields that still have to be discovered.
Junction Conditions and Gluings of Spacetimes
Based on a 3+1-decomposition of spacetime, the junction conditions of Darmois and Israel represent, in a quite generic way, geometrically necessary requirements for an identification of spacetime manifolds in gravitational field theoretic models.
The respective conditions are minimal ones; not only for the linkage of interior and exterior parts of gravitational fields, as for example in case of the Oppenheimer-Snyder collapse or the linking of the interior and exterior Schwarzschild solutions, but also for the identification of geometrically distinct spacetimes along singular boundary hypersurfaces.
In the non-null case, the said conditions demand pairs of first and the second fundamental forms associated with pairs of spacetimes with boundary
and
where 
in such a way across the boundary intersection hypersurface Σ ≡ ∂M + ∩ ∂M − that they are consistent with the Cauchy data (h ab , K ab ) of the ambient spacetime (M, g). In this context, the individual parts of the data can be deduced from the first and second fundamental forms h ab = g ab + n a n b and
which are formulated with regard to a congruence of curves generated by a normalized vector field n a that is necessarily orthogonal to Σ and therefore fulfills n a n a = ǫ and ∇ [c n a] = 0 with ǫ = ±1. This also applies in the case that the Cauchy data (h ± ab , K ± ab ) are constructed locally from pairs of timelike normal vector fields n a ± , which are orthogonal to the respective three-metrics h ± ab on Σ. Given this setting, the latter junction relation characterizes a singular and confined stress-energy tensor distribution located entirely in Σ, which is given
While the corresponding approach is formulated in a coordinate-independent manner, it still leads back to alternative formulations of junction conditions, for example those given by Lichnerowicz or O'Brian and Synge in case of the special choice of so-called admissible coordinates on both sides of the layer [23] .
In spite of being formulated in a typical ADM-setting, junction conditions, however, do not necessarily have to be based on a 3+1-decomposition of spacetime; they also have been formulated in the 2+2-framework toward General Relativity or in space-time approaches that are based on a 1+1+2-decomposition of spacetime.
While the former null case, at first, appears to be more complicated than traditional non-null descriptions of the problem, owing to the fact that the first fundamental form on a null hypersurface is degenerate and its associated null normal is not only orthogonal but also tangential to it, it is surprising that the listed conditions have been shown to remain valid if a continuous null limit is applied. Such a null limit has been applied in [6] .
In this very context, given a 2+2-foliation of spacetime in spacelike surfaces, the two-dimensional induced spacelike Riemannian metric field q ab = g ab + 2l (a k b) , given with regard to two pairs of null congruences generated by a pair of orthogonal lightlike vector fields l a and k a , are at first to be specified on the spacelike two-slice S ⊂ Σ. Moreover, a covariant two-form of the type
c k a needs to be specified, which in the continuous null limit of the Darmois-Israel framework has the same jump discontinuity features as the extrinsic curvature across Σ, so that
With regard to this specific quantity, the above series of junction relations turns into
and therefore becomes, in contrast to the non-null case in which the right hand side is non-vanishing, a trivial set of relations. As emphasized in in [26] , however, condition (3) can actually be relaxed in the given null case by demanding that
In the non-null case, on the other hand, in order to characterize boundary portions that possess a 'corner' or a 'sharp edge', a timelike generating vector field n a and a spacelike one u a associated with respective timelike and spacelike congruences are ussually considered, which simultaneously leads to spacelike and timelike folitions and thus to a 1+1+2-decomposition of spacetime. In this case, the spacetime metric g ab can be decomposed in the form g ab = −n a n b + h ab = u a u b + γ ab with h ab = q ab + s a s b and γ ab = q ab − v a v b , respectively. Here, s a and v a are spacelike and timelike unit normals orthogonal to n a and u a and q ab is the induced metric on a spacelike two-slice S ⊂ Σ. Due to the fact that the given vector fields n a and u a are not assumed to be normalized with respect to each other, one typically deals (in the case of a spacelike joint) with a non-vanishing edge 'angle' Θ = cos −1 ((n, u)) in such approaches. This non-vanishing quantity has been shown to lead to jump discontinuities and therefore to an additional set of junction conditions given by
where S ab is the stress-energy tensor restricted to S. These conditions have been formulated first by Hayward [20] and therefore shall be referred to as Hayward's junction conditions. Turning from here to the subject of joining different spacetime manifolds, a relatively straightforward method in handling such a problem is the method of gluing spacetimes together across a boundary hypersurface.
According to this method, a spacetime (M, g) is considered for convenience which is characterized by a metric g ab that splits in two different parts at the same time as the manifold M splits in two individual parts M + and M − . These parts are assumed to be separated by a hypersurface Σ in such a way that each of the given parts contains Σ as a part of its boundary, whereas this boundary in general does not have to be smooth.
Taking then into account the restricted C 2 -metric g + ab = g ab | M + associated with the part (M + , g + ) and, moreover, the
respectively, the full spacetime metric on M ≡ M + ∪ M − can be decomposed with respect to its individual parts by
where θ is the famous Heavyside step function evaluated at Σ. Clearly, for the given choice there holds in a distributional sense
where
− along Σ, which shows that the full metric is continuous across the layer 1 . Although the metric is continuous across Σ, its derivatives, and thus the corresponding connections, are discontinuous. In fact, it is found in this context
and therefore
The associated Riemann tensor then is of the form
whereas δ is the Dirac delta distribution and H a bcd is the singular part of the curvature tensor, being explicitly given by
Given this definition, the said approach allows for a generalized formulation of Einstein's field equations in a distributional sense, whereas the distributional Einstein tensor reads
H is a symmetric covariant tensor fields defined only at points of the hypersurface Σ. The associated stress-energy tensor, on the other hand, has to possess the form 1 Note that usually it is assumed that the restricted C 2 -metric g + ab = g ab | M + associated with the part (M + , g + ) is written down in the coordinates (x 0 + , x 1 + , x 2 + , x 3 + ) and, moreover, the C 2 -metric g
However, irrespective of these particular choices of local coordinates, it has been shown in [26] that there always exists a global chart (x 0 , x 1 , x 2 , x 3 ) that leads across Σ and therefore allows for a direct identification of spacetimes in a fixed coordinate setting, which is in full agreement with the imposed junction conditions.
While in the non-null case generically one has γ bc ≡ ǫ[K bc ] and therefore Taking into account this whole set of different conditions, the remainder of the present work will address the problem of joining different spacetimes from a slightly different point of view, namely by using abstract metric deformations leading to pairs of geometrically compatible spacetimes. Via restricting the support properties of the respective metric deformations, it is shown how this approach trivially allows for the introduction of the concept of local spacetime fields and a fixed background geometry of spacetime.
Local Geometries and Deformations of Spacetime
In order to approach now the subject of joining different spacetime manifolds from a different point of view, two different spacetime partitions (M + , g + ) and (M − , g − ) of an ambient spacetime (M, g) shall once more be considered. These partitions, as before, shall be assumed to be individually bounded by a hypersurface Σ which forms a part of the boundary of both spacetimes such that Σ ⊂ ∂M ± applies. Without any further assumptions about the geometric structures of both of the spacetimes (M + , g + ) and (M − , g − ), both fields are allowed to exhibit totally different geometric properties anywhere except for their boundary, where, by the introduced junction conditions, both spacetimes have to possess identical induced geometries.
To that effect, in order to obtain a well-defined connected manifold M = M + ∪M − , it is necessary to pointwise identify the spacetime partitions (M + , g + ) and (M − , g − ) along the boundary portion Σ. This, however, can always be achieved by noticing that the metrics of the respective local spacetimes can always be locally deformed with respect to each other in such a way that the associated induced metrics and their first derivatives coincide at Σ. This is possible since any given change of the physical behavior of a spacetime geometry with respect to another can, in fact, be characterized by a deformation of metrics, whereas by deformation, in this context, any backreaction is meant that modifies the geometric properties of a given spacetime metric with regard to a comparable background metric and an associated class or group of deformation fields propagating on that background in a geometrically consistent way.
To make this final statement precise, let g ab be a fundamental metric field associated with the ambient spacetime (M, g) with the manifold structure M = M + ∪ M − , which, however, cannot always be assumed to be known in the first place. Then, by introducing the assignments g ab (x) = g ab (g + (x + ))| x + =x and g ab (x) = g ab (g − (x − ))| x − =x for all points x ∈ Σ, which, as indicated, can be understood in terms of the abstract tensor deformations (12) and
it immediately becomes clear that the metrics of (M +
Although it is pretty obvious that these boundary conditions will require that the fields e ± ab and f ±ab match exactly at Σ, it may be worthwhile to carefully determine these conditions step by step with regard to the set of junction conditions discussed in the previous section.
To do so, it shall first be noted that the introduced splitting contains the distributional splitting g ab = θg
ab as a special case. This can easily be realized by taking into account that either the components of g + ab or that of g − ab can always be added to and subtracted from the given expression in an appropriate chart so that the information that there is another local metric field on (M, g) now happens to be encoded in the structure of the introduced, a priori unknown deformation fields e ± ab . At first sight, such a revision definitely appears to be artificial. However, it provides the advantage that the problem of joining a pair of local spacetimes (M ± , g ± ) with respect to a given ambient spacetime (M, g), in the case that such is not already known a priori, reduces to the problem of determining appropriate deformation fields (possibly of compact support) on (M, g). In fact, this means that given the case that the ambient spacetime exhibits a very complex geometric structure such that one may, at first, only be interested in determining the structure of local fields with respect to each other, one only has to face the problem of determining the respective compactly supported deformation fields in some subregion of M without the need to determine the complicated geometry of the entire spacetime in full detail.
In fact, when appropriate deformation fields exist on (M, g), a local spacetime (M + , g + ) always transitions into another local spacetime (M − , g − ) across a given hypersurface Σ of (M, g). From a purely quasilocal point of view, the introduced framework thus appears to generate a mechanism to produce local geometric structures within a spacetime, providing thereby a natural approach in order to deal with specific ramifications like the joining of local pairs of fields like g ± ab .
Noticing thereupon that, in the present context, neither e ± ab nor f ±ab have been assumed to be small and that both pairs of objects define a whole class of tensor deformations which in principle can become arbitrarily large, it becomes clear that for a given vector field w a , which is causal with regard to one of the background metrics g ± ab , there is no need for it to be causal with regard to the other background metric g ∓ ab or the full metric g ab in the complement M\M ± of M ± . However, the given triple of metrics has to remain subject to the metrical consistency conditions
which, since they are assumed to hold globally on (M, g), can be brought into the form e
This form of the relation can be deduced from the fact that the fundamental metric field g ab of the ambient spacetime (M, g) can be decomposed with respect to the metrics of the local spacetimes (M ± , g ± ) and vice versa, so that the tensor fields e
can be identified as tensor fields on the ambient spacetime. If the given metrical consistency condition can be fulfilled, there holds in fact g ±bc := (g ±−1 ) bc , which allows one to determine the difference tensors
) with regard to the unique Levi-Civita connection defined on (M, g). According to these unique fixings, the deformed Riemann tensors then take the well-known form
. By contracting indices, one finds that the associated Ricci tensors are of the form
where, of course,
±e a]b . By repeating that procedure, the associated Ricci scalars
can be obtained. However, as a direct consequence, Einstein's equations
after being decomposed with respect to the local metrics of (M + , g + ) and
If the given equations reduce to the restricted local Einstein equations G ± ab = 8πT
it becomes clear that the remaining equations
have to be determined independently in agreement with the introduced junction conditions, where, of course, τ ± ab := T ab − T ± ab applies in the given context. In consideration of these facts and definitions, the problem of satisfying the previously addressed junction conditions can be translated into the problem of selecting appropriate local deformation tensors and gradients of such on different locall subregions of (M, g), whereas care has to be taken to ensure that the resulting curvature fields exhibit a decent physical interpretation at the end.
To ensure this, and thus to treat models of physical interest, it makes sense to focus exclusively on deformation fields according to which appropriate energy conditions are fulfilled on (M, g). To be more precise, it makes sense to assume that the corresponding stress-energy fields fulfill at least the weak energy condition [19] on (M, g) and thus to require the positivity of energy of the considered matter fields.
By requiring this, it must be taken care that the same conditions locally hold on (M + , g + ) and (M − , g − ) as well. If this is actually the case, one finds
for all future directed timelike vectors v a . By requiring this, the it is ensured that the resulting confined stress-energy tensor is well-defined from a physical point of view. As a further step one can also try to fulfil stronger energy conditions, whose validity, however, cannot be guaranteed in every physical situation of interest.
To proceed, it may next be noted that important subclasses of the introduced class of metric deformations can be selected by requiring either
While metric deformations fulfilling the former conditions, containing the theory of metric perturbations as a special case, shall from now on be referred to as linear, deformations which globally fulfill the latter conditions, on the other hand, from now on shall be referred to as trivial deformations. In case of trivial deformations, obviously no change of the geometric structure results. In case of linear deformations, on the other hand, the introduced system of equations considerably simplifies, as, for example, the metrical consistency condition reduces to 
Additionally, the form of any of the introduced fields considerably simplifies due to the fact that now they can be built from one single field that is non-zero only in the complement of M ± . Coming back to the sought boundary conditions, the first junction condition, which requires
is certainly satisfied on Σ if there holds
which then additionally implies the validity of
With that being said, a quite natural way of dealing with the addressed conditions is to seek local tensor fields e 
1 + ..., the imposed junction conditions automatically can be fulfilled if supp c
Hence, the problem of fulfilling the addressed junction conditions, in the given context, reduces to the problem of finding appropriate local coefficients c ± i and d ± i which do possess the desired support properties and thus allow for a reasonable identification of (M + , g + ) and (M − , g − ) across Σ. It is clear that in many cases of interest the addressed coefficients will not coincide with ordinary smooth functions, but will rather possess a distributional character that ought to be determined with the aid of the framework of Colombeau's theory of generalized functions [3, 10, 11] .
Since this can lead to very serious ramifications in practice, it appears to be an interesting alternative idea to consider local coefficients c hold, but rather the alternative conditions
are found to be valid, which may culuminate in a change of the structure of the field equations of the theory. For this reason, a specification of the components of the local deformation tensors e ± ab and f ± ab in (M, g) may actually prove to be of relevance for the action principle of the theory, or, more specifically, for the structure of the EinsteinHilbert action associated with a given spacetime (M, g). In the case that it exhibits a boundary ∂M without edges or corners, this action is simply given by
where Σ and Σ ′ are spacelike hypersurfaces and ω g is the four-volume element and ω h is the three-volume element of spacetime. If the same boundary ∂M of the ambient spacetime, on the other hand, does indeed contain a sharp edge or corner, its action alternatively can be specified by Hayward's action [8, 20] 
where ω h , ω γ and ω q are volume forms associated with the individual parts of the boundary ∂M of (M, g), which consists of two spacelike hypersurfaces Σ and Σ ′ and a timelike hypersurface B, which intersects the spacelike hypersurfaces Σ and Σ ′ in Ω and Ω ′ . Here, the quantities K andK are extrinsic curvature scalars and η := n a u a is a generally non-zero scalar parameter originating from the fact that the boundary normals n a and u a are usually non-orthogonal in the given case.
Introducing in this context a partitioning M = M 1 ∪ M 2 ∪ ... ∪ M n of the Lorentzian manifold of (M, g), where each submanifold M i of M is thought to be irreducible in the sense that it would not prove to be useful to decompose M any further in this particular context, the corresponding action decomposes according to the rule
which is consistent not least due to the fact that Hayward's action has been shown to be additive in a generalized sense [7] . The associated formalism therefore allows to add up the Einstein-Hilbert actions of spacetimes with non-smooth boundaries and different topologies and causal structures. Taking into account the previous ideas of how to join different spacetimes by means of local geometric deformations, it is found that the sufficient (though not necessary) requirements for a given system of local spacetimes (M i , g i ) to transition consistently into a complete spacetime (M, g) are given by the boundary conditions
in the case of local tensor fields e 
in the case of local tensor fields e (i) ab and f (i)cb that vanish in a certain limit at the different boundary intersection hypersurfaces Σ (i) .
Thus, if the supports of the respective deformation fields are appropriately chosen, the geometry of each representative of the given collection of local geometric fields turns out to agree with the geometry of the complete spacetime on local scales, so that the Einstein-Hilbert action remains unmodified by these deformations. However, this is no longer true for the latter case of local tensor fields that vanish in the geometric limit in which each of the individual local metric fields coincides with that of the remaining ambient spacetime, since in this case the Einstein-Hilbert actions of the individual parts of the spacetime undergo modifications, which, however, need to be consistent with the geometric structure of (M, g). This point marks an important difference to alternative multi-metric theories of gravity treated in literature for which no such correspondence is required [13, 16, 18, 22] .
However, a major challenge that occurs in the present context is the issue of selecting a reasonable partition M = M 1 ∪M 2 ∪...∪M n which can be expected to describe a given physical problem significantly better than any other possible partition of the ambient spacetime (M, g). From a physical point of view, this problem becomes particularly severe when the geometry of (M, g) is not known a priori and therefore it is not clear how the local partitions should be arranged and fixed to optimally describe a given problem of interest in General Relativity.
In view if these difficulties, only a few very simple examples of local spacetimes will be selected and discussed below which can be readily obtained by an appropriate deformation of a selected (usually highly symmetric) background geometry.
Examples of local Geometries in Einstein-Hilbert Gravity
From a theoretical point of view, the key indicator for the existence of local spacetime geometries in General Relativity is the fact that there are several solutions to Einstein's equations describing a large number of different physical scenarios valid in different scale regimes of theory. This certainly applies not only to the theory of General Relativity, but also to any generalized theory of gravitation on which the validity of the said solutions and associated physical scenarios can be based.
The key phenomenological indicator for the existence of local spacetimes in nature, on the other hand, might be the case that the geometry of the universe is known to vary considerably from comparatively small to large scales. To be more precise, it might be the fact that among the many different local matter accumulations contained in the universe, ranging from stellar systems to large systems of galaxy clusters, many can be expected to possess gravitational fields with distinguished, manifestly non-identical local geometries that do not coincide with the geometry which, on large scales, is assigned to the universe itself; namely that of Friemann-LeMaitre-Robertson-Walker.
As a result, it appears to be reasonable not only to analyze the global geometric structure of the universe, but also its local structure, which is naturally connected to the co-evolution of systems possessing a finite magnitude, not remaining truly stationary or static for infinite periods of time. This, however, makes it necessary to specify the exact meaning of the concept of a local spacetime geometry.
In response to that fact, it has been argued so far that the concept of a local geometry can be introduced on the level of local tensor deformations of the metric field -allowing one to single out spatially and/or temporarily bounded systems within a given ambient spacetime.
While the theoretical implications of the specified geometric framework, in principle, could be discussed by a number of different choices for the local deformation fields, they shall, for the sake of clarity, now be discussed merely with regard to a few specific classes of these fields and associated spacetime geometries.
The first class that shall be considered is generally referred to as the Gordon class, which is a class of spacetimes that can be obtained by applying a so-called generalized Gordon transformation to a given background metric [2, 17, 28] . This special class of metric deformations plays an important role in describing deflections of light or sound in bodies with different optical densities or acoustic properties in both special and general relativity. Given a background metric g ab , the metricḡ ab lying in the Gordon class is characterized by the following decomposition relationḡ
which holds under the assumptions that v a = g ab v b and g ab v b v b < 0, whereas, in this context, it is usually assumed that g ab v b v b = −1 for the sake of simplicity. It may be realized that the deformation field f v a v b , by means of which this class is determined, belongs to the general class of nonlinear metric deformations.
The most well-known representative of this class of deformations is the socalled acoustic metric, which has the form
with n being referred to as the refractive index. This index describes how the speed of light or sound changes during the propagation through a medium 2 . It is well-known that outside of the medium, the refractive index becomes one; a case which immediately implies f | n=1 = 0. Therefore, it is found that the function f entering the above deformation scheme goes to zero outside the optical or acoustical medium. Accordingly, the spacetime is locally Minkowskian and thus a pair of local spacetimes in the previously introduced sense is formed by this particular class of deformations. Of course, the same type of local spacetime can also be defined in regard to more general types of background fields g ab and more general functions f as long as these functions go to zero outside a given matter field under consideration.
A further special subclass of this very class of deformations is the class of conformal Gordon transformations, which are subject to the relations
Such deformations are usually studied in order to characterize models treated by analogue gravity, which aim to explain, among other things, the geometric structure of condensed matter models [5, 15, 21, 28] , which should necessarily characterize local spacetimes in the sense previously introduced, but which are often not treated that way in the literature. However, the said models can easily be used as a starting point for the construction of local spacetimes simply by requiring that the associated function f has compact support within the medium under study, which seems to represent a strong, but very reasonable physical restriction.
A similar situation occurs when another important class of local geometric deformations is considered; a class commonly referred to as the generalized Kerr-Schild class. This class, which is naturally obtained by taking into account so-called generalized Kerr-Schild transforms, i.e. metrics of typē
is of great interest owing to the fact that it belongs to the class of linear metric deformations. As is well known, the representatives of this class are given with respect to a lightlike geodesic co-vector field k a = g ab k b which has to fulfill the
The main property of this class is the fact that the mixed Einstein tensor G a b of the ambient metricḡ ab is linear in the profile function f , which simplifies the structure of the deformed field equations. In fact, this particular class of spacetimes includes a considerably large class of geometric models being of interest in General Relativity, as it includes, for example, all stationary geometries lying in the Kerr-Newman family of spacetimes and, in addition, all dynamical radiation fluid spacetimes lying in the even more general Bonnor-Vaidya family. Moreover, it includes various models with cosmological horizons like for instance Kottler alias Schwarzschild-de Sitter spacetime and its generalizations.
Other examples of Kerr-Schild deformed local spacetimes, which have compact support in a single null hypersurface of the geometry, are pp-wave spacetimes such as for instance the spacetimes of Aichelburg and Sexl [1] and Lousto and Sanchez [24, 25] , or spacetimes that describe the field of an ultrarelativistic point-like particle in a black hole background such as the spacetimes of Dray and 't Hooft [14] and Sfetsos [27] . These models have in common that they are specified by a Brinkmann form that contains a delta distribution and therefore has support only on a single lightlike hypersurface of spacetime. For that reason, they determine a local background geometry that coincides everywhere with that of a spherically symmetric black hole spacetime except for one single null hypersurface.
Another, perhaps more profound example of a spacetime that allows the definition of a geometric background that is local in the sense previously introduced is Vaidya spacetime. As is well-known, this spacetime, whose associated metric can be read off the line element
where M = M (v) holds by definition, characterizes the spherically symmetric gravitational field of a null fluid source. However, by introducing a coordinate shift of the type v → v − v 0 , where v 0 is a local time parameter, and thereupon the conditions lim v→v0 M (v −v 0 ) = M (0) = const., the metric of this spacetime can easily be assessed in such a way that it locally coincides with the Schwarzschild metric, which describes the external vacuum gravitational field of a spherically symmetric local central source and therefore has, by necessity, a completely different physical interpretation. In fact, in order to describe models of physical relevance in that context, it may turn out to be convenient to split the mass function into a constant and a non-constant part such that M (v) = M 0 + m(v − v 0 ). The reason for this is the following: Due to the linearity of the mixed Einstein tensor, the introduction of this splitting allows one to decompose the mixed Einstein tensor into two different parts; a local central source part and a null radiation part. This idea is based on what was shown in [4] , namely that the first part of the geometry gives rise to a distributionally valued energy-momentum density of the form T . Obviously, the given spacetime provides in this case a well-defined example of a local geometry in the previously introduced sense and the resulting geometric model reveals the structure of the gravitational field of a black hole that absorbs null radiation; a model to be discussed in more detail elsewhere.
It is to be expected that there are many other classes of exact metric deformations that can lead to much more complex, possibly very physically interesting examples of local spacetimes.
Summary
In the present work, a specific approach to local spacetimes in General Relativity was presented. This approach is based on the idea of using local deformations of the metric to join spacetimes with different geometries and physical properties. The validity of this idea has been demonstrated by some very concrete examples of background metrics that prove to be local in a sense specified in this work. On the basis of the results obtained, it can reasonably be expected that in the future some more examples of local spacetimes can be found, which may provide valuable extensions of already known geometric models in EinsteinHillbert gravity or even more general theories of gravity.
